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!
!
Section 1. Randomness and Related Concepts 

!
This paper is concerned with musical randomness. As the wake of Modernism 

and the World Wars slowly recedes, it becomes possible to appreciate the degree 

to which American and Western European composers, often those with varying 

aesthetic agendas, have embraced randomness, as a valid compositional device and 

a vital aesthetic imperative. The work of such figures as Iannis Xenakis, Christian 

Wolff, and most emblematically John Cage has established chance operations, 

indeterminate notation, stochastic processes, and performer choice as staples of 

21st-century compositional technique. For the time being, it seems, listening to 

new music will sometimes involve listening to random sounds. 

 But what does this mean? What makes a sound random? Are there 

essential properties that distinguish random music from non-random music? What 

is the conceptual structure of randomness? By what means, and towards what 

ends, may a composer imbue a piece with randomness? Does randomness come in 

different degrees? Can it be categorized? Could we construct a music theory that 

treats randomness itself as an object of (rather than an obstacle to) analysis? 

These questions constitute the state of ignorance in which this project began, and 

what follows is an initial gesture towards some possible answers. 
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 The first step in this process is the clarification of some basic concepts. 

Even among such closely related terms as “randomness,” “chaos,” “indeterminacy,” 

“chance,” “probability,” etc., there lie crucial distinctions to be drawn, and the 

remainder of Section 1 is devoted to that task. In Section 2, we will rely on 

these concepts in formulating a theoretical system that directly addresses musical 

randomness. My piece, The View from Nowhere (2014), will serve as a musical 

example of that system in practice. 

!
Systems, Processes, Products 

!
Our discussion depends at every turn upon the distinction between systems, 

processes, and products. A system is an integrated structure, consisting of 

interconnected components that play functional roles within the system. The 

specification of a system defines the relationship between the inputs the system 

receives and the outputs it generates, as well as all the possible states the system 

may be in. A process occurs within a system; it is the particular causal sequence 

of states that transforms a system’s input into its output, and that output is the 

product of the process. Thus, in succinct terms, systems sustain processes that 

produce products. 

 An example may help: when John Cage flips coins to produce random 

sequences of the 64 hexagrams in the I Ching, we can say that the coin, the I 
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Ching, and Cage’s method for translating coin toss results into hexagrams is the 

system, that each iteration of coin toss and hexagram translation is a process that 

runs in the system, and that the resultant string of hexagrams is the product.  1

!
Randomness 

!
The mathematical and philosophical details of randomness are the subject of 

ongoing debate and refinement, and a full technical explication of any of the 

various formal theories of randomness defended in the literature would require the 

use of symbolic logic and higher mathematics.  However, our practical purposes, 2

which are strictly musical, allow us to eschew the technical in favor of a simpler 

intuitive conception of randomness in terms of systems, processes, and products. 

 Randomness, as we will use the concept in this paper, is considered a 

possible feature of products.  Sequences of symbols, the arrangement of objects in 3

space, a series of actions—these are the kinds of things we can rightfully describe 

as random, as will become clear in the discussion below. So, in the example of 

John Cage flipping coins, the string of hexagrams is what may be random, not 

 This process is explained in depth, including a discussion of the relationship between chance and 1

compositional choice in Cage’s process, in David W. Bernstein, “John Cage’s Music of Changes 
and Its Genesis,” in Cage and Consequences, Julia Schröder and Volker Straebel, eds. (Hofheim: 
Wolke, 2012).

 Antony Eagle, "Chance versus Randomness," The Stanford Encyclopedia of Philosophy (Spring 2

2014 Edition), Edward N. Zalta, ed., <http://plato.stanford.edu/archives/spr2014/entries/chance-
randomness/> (March 24, 2014).

 Ibid.3

http://plato.stanford.edu/archives/spr2014/entries/chance-randomness/
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the process of flipping the coins and transcribing the results, nor the specification 

of the system as a whole. To refer to systems or processes as “random” would 

be a category error; we will see that they are not the kinds of things that can be 

random, and other more appropriate concepts are available to describe systems and 

processes. We will return to this point in the discussion of chance and chaos 

below. 

 Knowing to which category of entities (i.e., products) randomness applies 

is, of course, not enough. It points us in the right direction, but we still want to 

know what it is that actually constitutes randomness. How are some products 

random? What distinguishes a random sequence of characters, like Cage’s 

hexagrams, from a non-random sequence, like this sentence? Again, avoiding 

technical details, an intuitive and workable definition of randomness is this: a 

sequence is random if and only if it is incompressible.  And a sequence is 4

incompressible if and only if it cannot be encoded in a sequence shorter than 

itself. In other words, there is no more compact way to represent a random 

sequence than by simply giving the entire sequence itself. The reason for this is 

that random sequences are in principle disorderly, in that any infinitely-long 

random sequence will not give rise to any patterns that would allow it to be 

grouped into statistically relevant subsequences, analyzed, and summarized, all of 

which facilitates compression. Of course, non-random subsequences do arise within 

 Ibid.4
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random sequences, but our definition stipulates that no possible subsequence is 

more likely than any other, nor will the distribution of non-random subsequences 

follow any broader pattern, and thus the incidental local patterns that may arise in 

a finite random sequence will not assist in the compression and encoding of that 

sequence. Another aspect of our definition is that random sequences are 

unpredictable, since no element in a random sequence can be predicted based on 

information contained in the previous elements in the sequence. If such prediction 

were possible, it would be because the sequence in question is orderly, and thus 

compressible and non-random. 

 It is worth emphasizing that since our definition of randomness is strictly 

in terms of features of a product, it is logically independent from features of 

systems or processes. This means that knowledge of whether a product is random 

does not entail any knowledge about the process that produced it, nor about the 

system that sustains that process, in the same way that the volume of an object 

does not entail its mass or its color. This is not to say that there will not be 

contingent regularities linking certain types of processes to certain types of 

products, and the theory of randomness to be introduced in Section 2 may serve 

as a methodology by which a music analyst might uncover such contingencies. 

!
!
!
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Chance and Chaos 

!
In his writings and lectures, Cage refers to his practice of flipping coins and 

transcribing the results in the form of I Ching hexagrams as “chance operations.”  5

What is chance, and is it a feature of systems, processes, or products? According 

to Cage’s conception, the chance lies in the tossing of the coin. In this view, 

chance is process feature; it is a property of some processes (or “operations”), 

like coin tosses. Cage’s language accords nicely with a prominent current 

philosophical position, which holds that chance consists of “single-case objective 

probability.”  We will unpack this definition one component at a time, and in so 6

doing illuminate how exactly chance might operate in a process. 

 The first component of our definition of chance is that it is “single-case.” 

This means that while multiple iterations of a chance process will produce results 

conforming to some statistical distribution, the essence of chance is not itself a 

property of those results. (Notice that this would be a product feature.) The 

chance that a coin will land “tails” is not affected by whether or not similar coin 

tosses might occur later, or might have occurred in the past, nor does the chance 

of the coin landing “tails” emerge only through iteration of that coin-toss process. 

In this way, the element of chance is a feature of the process; it can be 

 John Cage, Silence: Lectures and Writings (Middletown, Connecticut: Wesleyan University Press, 5

1973), 35.

 Eagle, "Chance versus Randomness," The Stanford Encyclopedia of Philosophy.6
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determined strictly from the parameters of an individual process in isolation and 

in advance of that process actually running. As the entry on chance and 

randomness in the Stanford Encyclopedia of Philosophy explains, “[t]he chance 

must [be] grounded in features of the process that can produce the outcome… 

Whether or not an event happens by chance is a feature of the process that 

produced it, not the event itself.”  Because chance is an inherent feature of some 7

processes, and not their products, it can apply even in single cases. 

 That chance consists of probability means that a given chance entails a set 

of possible outcomes with defined likelihoods. Note that the definition is in terms 

of probability, not statistics. This is because, while closely related, probability 

describes processes, while statistics describes products. Processes are said to have 

certain latent probabilities; before Cage flips the coin, there is a probability of .5 

that it will land “heads,” and a probability of .5 that it will land “tails” (with 0 

meaning something certainly will not happen, and 1 meaning it certainly will). 

Once that process has produced a sequence of “heads” and “tails,” that sequence 

will be said to have certain statistical properties; this is because statistics applies 

to products. 

 A chance process is a stochastic process. The “Law of Large 

Numbers” (“LLN”) states that as the number of repeated trials of a chance 

operation increases, the statistical properties of the produced sequence will 

 Ibid.7
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approach the inherent probabilities of the process.  So in the case of coin tosses, 8

only a few iterations may sometimes return several “heads” in a row, but over 

many iterations the sequence will approach a statistical distribution of half heads 

and half tails, which accurately reflects the probability of the coin toss. And as 

the sequence approaches infinite length, the difference between process probability 

and product statistics approaches zero. The LLN is thus one example of what 

Iannis Xenakis characterized as a “stochastic law;”  it describes the statistically 9

predictable behavior of individual probabilistic events. 

 Two senses of probability are worth distinguishing at this point: epistemic 

probability and objective probability. Epistemic probability, which philosopher 

Rudolf Carnap calls “probability1” and defines as “degree of confirmation,” 

describes an observer’s degree of certainty that a given event will occur, given 

that observer’s knowledge.  Thus, the epistemic probability of the same event or 10

process will change relative to different observers with varying amounts of 

information. However, this sense of probability is not relevant to the notion of 

chance, which deals with the more fundamental objective probability. Objective 

probability, which Carnap labels “probability2,” is the inherent likelihood of a 

certain outcome, independent of any observer’s amount of information (though 

 John Renze, and Eric W. Weisstein, “Law of Large Numbers,” Wolfram MathWorld, <http://8

mathworld.wolfram.com/LawofLargeNumbers.html> (May 1, 2014).

 Iannis Xenakis, Formalized Music: Thought and Mathematics in Music, Revised edition, Sharon 9

Kanach, ed, (Stuyvesant, NY: Pendragon Press, 1992), 9.

 Rudolf Carnap, “The Two Concepts of Probability: The Problem of Probability,” Philosophy and 10

Phenomenological Research Vol. 5, No. 4 (June 1945): 517.

http://mathworld.wolfram.com/MarkovProcess.html
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Carnap himself formulates this in terms of statistics rather than probability

—“relative frequency in the long run”—an elision which we avoid).  Objective 11

probability is the subject of great interest in contemporary physics, as Quantum 

Mechanics (“QM”) suggests objective probabilities actually occur at the smallest 

physical scales of our universe.  However, the “quantum indeterminacy” posited 12

by QM does not, for all practical purposes, directly influence the behavior of 

macroscopic objects like coins.  And for that matter it is not clear that QM is 13

the final perfected physical theory; perhaps a theory will be developed that 

subsumes the current one and resolves the chance operations of QM into non-

probabilistic causal certainties. Or perhaps not. Regardless, it is possible to 

construct a valid conception of objective probability that suits out purposes and 

does not depend on an underlying physical indeterminacy, and to do so we 

invoke our notion of a system. 

 We have said that systems sustain processes. In the case of chance 

processes, only a certain kind of system will do the job; for a process to include 

chance, the system that sustains it must be indeterminate. A system is 

indeterminate simply insofar as it is not deterministic, so the key to understanding 

indeterminacy is first to understand determinism. The generally accepted 

 Ibid.11

 Mehran Kardar, “Quantum Statistical Mechanics,” in Statistical Physics of Particles (Cambridge: 12

Cambridge University Press, 2007): 156-74.

 P. W. Anderson, “More Is Different,” Science, New Series, Vol. 177, No. 4047 (August 4, 13

1972): 393-6.
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philosophical definition of determinism is this: a system is deterministic if and 

only if every possible state of the system necessitates one and only one following 

state according to inviolable structural laws.  Thus if one knows the state of a 14

deterministic system at a certain time, and one knows the laws that structure that 

system, one can deduce the state of the system at any other time.  Any system 15

that is not deterministic—that is, at least one of its possible states leaves open 

multiple possible following states—is indeterminate, and now it should be clear 

why indeterminate systems are required to sustain chance processes: by definition, 

a chance process transforms a system from one state to another by means of 

single-case objective probability at one or more of its functional nodes. The 

essence of chance is that multiple possible states might follow the previous state, 

and thus there can be no chances in a deterministic system. Therefore, if chance 

truly occurs in a system, it must be an indeterminate system. While the exact 

character of the chance is specified at the level of the process, it is the 

underlying systemic indeterminacy that allows chance to arise at all. And since 

chance relies, by definition, upon systemic indeterminacy, there is a tight logical 

 Carl Hoefer, "Causal Determinism," The Stanford Encyclopedia of Philosophy (Spring 2010 14

Edition), Edward N. Zalta, ed., <http://plato.stanford.edu/archives/spr2010/entries/determinism-
causal/> (March 25, 2014).

 While it is helpful to illustrate determinism in terms of deducibility, which would seem to 15

imply a deducer, its definition does not actually require that such an outside observer capable 
of deduction be present, nor is indeterminacy essentially identified with uncertainty, which is 
the epistemic situation of an observer who encounters randomness. A given system is either 
deterministic or indeterminate simply in virtue of internal inviolable laws, whether or not its 
behavior is ever observed or logically scrutinized. In other words, a system’s status as either 
deterministic or indeterminate is a question of metaphysics, not epistemology.

http://plato.stanford.edu/archives/spr2010/entries/determinism-causal/
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connection between indeterminacy and chance, stronger than the mere contingent 

relationship between chance and randomness. 

 The example we have been using, of John Cage flipping coins, is that of 

an indeterminate compositional system; it takes as input whatever question Cage 

has formulated about the piece and produces as output a notated score. However, 

the systemic model is not restricted to compositional systems; it can also be 

expanded to include the performers (human or otherwise), the audience, the 

cultural context, and so forth. In fact, as the term “indeterminacy” is often used 

by musical commentators, including Cage himself, the relevant system is centered 

around the performer and other means of realizing the piece—that is, focus of 

attention is typically “composition which is indeterminate with respect to its 

performance,”  rather than composer designs and intentions that are indeterminate 16

with respect to the score, or performance that is indeterminate with respect to its 

listening. In the case of notational indeterminacy, the input of the system is taken 

to be the score, instructions, computer code, etc., and the output is the resultant 

sound. Another possible relevant indeterminate system is the listener, who takes as 

input sense data and produces as output music as experienced. Indeterminate 

musical systems will be investigated more thoroughly in Section 2. 

 Any system is described to a certain degree of specificity. In the case of 

Cage flipping coins, the system is specified as including a coin toss, but, 

 Cage, Silence: Lectures and Writings, 35.16
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crucially, “a coin toss” is a general class of events; infinitely many particular coin 

tosses may satisfy this functional role in the system’s architecture. This generality 

of description is the source of systemic indeterminacy; the exact force applied to 

the specific point on the coin sending it along its precise trajectory through the 

air, etc., is not specified anywhere in the complete description of the system, and 

therefore a process that runs through the “flip a coin” node in the system has 

some chance of producing “heads” and some chance of producing “tail” as an 

output of the system. However, note that if the specification of the system did 

include such finely-grained details—if the “flip a coin” node were replaced with 

“flip coin C of shape S and weight W by applying force F to point P at time T 

assuming air resistance A and...”—it would cease to be indeterminate, and thus 

could not sustain chance processes. Thus, whether the physical universe is itself a 

deterministic or indeterminate system is beside the point. Indeterminacy can obtain 

in a system of sufficiently general specificity, as in the Cage example, regardless 

of whether that system exists within a broader deterministic universe. 

 We have argued that systemic indeterminacy is a necessary condition for 

chance processes, and therefore that there is a logical connection between systems 

and processes. However, we have also argued that there is no logical connection 

between the randomness of a product and any feature of its generative process. 

This is because, while chance processes in indeterminate systems typically do 

produce random products, they will not necessarily do so in every case—imagine 
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a fair coin returning twenty “heads” in a row. And conversely, randomness can 

be produced by a process running in a deterministic system. We will focus on 

one such process: chaos. 

 On the definition we adopt, chaos is identified by one essential 

characteristic: that of sensitive dependence on initial conditions (“SDIC”).  A 17

process is chaotic if and only if the initial state of the system during that process 

determines the final state of the system in an unstable, non-linear way, 

transforming non-random input into random output. Chaotic processes are unstable 

in that inputs to the system do not tend to gravitate towards or cluster around 

stable outputs, but instead amplify initial differences. MIT meteorologist Edward 

Lorenz illustrates this aspect of chaos by invoking the related notion of an 

unstable equilibrium: 

A state of equilibrium is one that remains unchanged as time 
advances. An equilibrium is unstable if a state that differs slightly 
from it, such as one that you might purposely produce by disturbing 
it a bit, will presently evolve into a vastly different state—a fallen 
pencil instead of a standing one. It is stable if a slight initial 
disturbance fails to have a large subsequent effect.  18

!
Further, chaos is non-linear in that the initial state does not determine the final 

state by a simple linear mapping; the function that determines the relationship 

between input and output is complex. Lorenz explains: 

A linear process is one in which, if a change in any variable at 
some initial time produces a change in the same or some other 

 Edward N. Lorenz, The Essence of Chaos (Seattle: University of Washington Press, 1993), 8.17

 Ibid., 22, emphasis in original.18
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variable at some later time, twice as large a change at the same 
initial time will produce twice as large a change at the same later 
time. You can substitute “half” or “five times” or “a hundred times” 
for “twice,” and the description will remain valid. It follows that if 
the later values of any variable are plotted against the associated 
initial values of any variable on graph paper, the points will lie on 
a straight line—hence the name.  19

!
The classic illustration of chaos, imagined by Lorenz in 1972, is that of a 

butterfly flapping its wings in Brazil, thereby setting off a chaotic process that 

results in a tornado in Texas.  Because of the climate’s chaotic SDIC, the slight 20

change in initial conditions (i.e., the position and velocity of all air particles on 

planet Earth the moment the butterfly flaps its wings) has massive apparently 

random (though fully determined) results. Chaos can therefore be understood as 

the deterministic corollary to chance, in that both are means to produce 

randomness. 

 To recap our findings, we have seen that randomness is a feature of 

products, and that a produced sequence is random insofar as it is incompressible. 

Chance and chaos have both been characterized as types of processes capable of 

producing randomness, the former in indeterminate systems and the latter in 

deterministic systems. Section 2 of this paper connects these basic concepts of 

randomness, chance, and chaos to musical experience, moving towards a formal 

theory of musical randomness. 

 Ibid., 161, emphasis in original.19

 Ibid., 14.20
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!
!
Section 2. Randomness in Music 

!
Having laid a conceptual foundation for parsing randomness, chance, chaos, and 

other related concepts in the abstract, we now turn to the application of these 

concepts to music. I would like to offer a formalized conception of musical 

randomness, with a specific aim to show that randomness can be used as musical 

material. By this I mean not merely that musical materials can be organized 

randomly; this is not news. I mean instead that randomness itself has a distinctive 

and audible character, and that it is by virtue of this character that randomness 

can be musical material, not merely describe it. Further, the character of 

randomness is variable; there exists a practically limitless number of distinct 

shades of musical randomness, and with the right theoretical system they can be 

formally described, classified, and related to one another. It is with these aims in 

mind that I introduce the concept of a Possibility Space. 

 The idea of a Possibility Space is modeled after the mathematical concept 

of a phase space. A phase space is an abstract space, in which every possible 

point refers to a single unique state a given system might possibly embody and 

vectors between points represent transformations from one state to another.  A 21

 Eric W. Weisstein, “Phase Space,” Wolfram MathWorld, <http://mathworld.wolfram.com/21

PhaseSpace.html> (May 7, 2014).
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space in this sense represents a system, and processes that run in that system 

may be construed as maps through the space. Like a phase space, a Possibility 

Space is an abstract space, and it describes a set of possible musical occurrences 

and the systemic relations that obtain among them. However, I have chosen not 

to simply adopt the term from mathematics, primarily to avoid confusion between 

a musical notion of “phasing” that is already in general use.  Since this sense of 22

musical phasing is well established, I have chosen what I hope is a natural 

alternative in Possibility Space. 

 The background concept of a musical space is a familiar one, as 

commonplace spatial musical descriptors like “high,” “low,” “present,” “distant,” 

“thick,” “transparent,” “angular,” etc. readily reveal. In the same way that we 

inhabit and navigate our experience of the physical world, moving through space, 

orienting our attention towards objects, taking stock of relations and the structures 

they imply, intending futures, etc., pieces of music (and artworks generally) open 

doors to temporary, constructed, artificial worlds in which we can similarly move, 

orient, notice, anticipate, and so on. But musical space is not simply a function 

of the physical space in which the music occurs (high notes are not achieved by 

installing speakers in the ceiling, for example). Instead, a piece of music 

constructs its own internal space independent from the space of the physical 

 When used in this sense, two (or more) musical lines phase by beginning in temporal 22

synchrony but gradually diverging due to a minute discrepancy in each line’s respective tempo. 
This effect has been most notably employed by Steve Reich in his iconic pieces like Piano 
Phase (1967) and Drumming (1971), among others. 
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world, in terms of which the listener may navigate the musical materials presented 

to him or her. 

 Just as physical space is reducible to coordinates along distinct axes, 

musical space is also divisible along its own axes: those of musical parameters, 

which James Tenney defines as “any distinctive attribute of sound in terms of 

which one sound may be perceived as different from another, or a sound may be 

perceived to change in time.”  Tenney goes on to say, “This definition refers to 23

‘subjective’ or musical parameters (e.g., pitch, loudness, etc.) as distinct from 

‘objective’ or acoustical parameters (frequency, amplitude, etc.).”  On this 24

definition, the set of musical parameters is not fixed; some sonic attributes may 

be sensitively perceived by one listener but ignored by another, and the 

parameters that are considered distinctive in one genre or piece may be irrelevant 

in other genres or pieces. Thus we have identified one crucial dissimilarity 

between physical and musical space: while physical space has a fixed set of 

(three) stable axes, musical space is constructed anew by each piece in terms of 

subjective parametric axes presented to individual listeners. 

 Another important difference between physical and musical space is that, 

while each of the physical spatial axes are qualitatively identical, musical 

parametric axes are qualitatively unique. Consider rotation in physical space, by 

 James Tenney, META†HODOS and META Meta†Hodos (Lebanon, NH: Frog Peak Music, 2006), 23

103.

 Ibid., emphasis in original.24
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which points along one axis are mapped to points along another. The identity of 

the object being rotated will endure; its essential properties will not change as a 

result of the change in orientation. The analogous situation with musical spaces is 

somewhat different. Of course, simple translation of musical material along a 

single parametric axis (e.g., transposition of pitch-class or modulation of the 

amplitude of a drone) is generally experienced as the musical material moving 

through space while maintaining its identity, and in this way musical spaces 

resemble physical space. However, mapping from one parameter to another (e.g., 

extracting an ordered set of integers from a series of pitch-classes to determine 

successive metric time-points) will be perceived more abstractly—if consciously at 

all—and the resultant transformations often transcend the material’s identity, 

creating new material that is felt as perhaps related but not the same as the 

original material. For these reasons, the logic of musical spaces allows for 

subjective architectures wholly unknown to the objective world. The opportunity 

arises not only “to imitate nature in her manner of operation,”  as Cage liked to 25

say in his more Romantic moments, but to initiate an alternative nature, to 

propose new manners of operation and bring into being hitherto unimagined 

textures of causal interrelation. Perhaps this provides as good an imperative to 

create as any artist needs. 

 Cage, Silence, 100.25
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 As has been our approach, the first task is to clarify our concepts. Once 

we know exactly what it is we are talking about, we can look for it in the 

world. If the theory of Possibility Spaces is successful, it can ground the 

development of new compositional and analytical techniques that deal directly with 

musical randomness. An example of one compositional application is given at the 

end of this paper. 

!
The Structure of Possibility Spaces 

!
DEFINITION 1: A Possibility Space (“PS”) is a bounded region in musical space 

that describes a set of possible musical materials that might occur, as well as the 

probabilities that those materials will occur. The character of a PS is reducible 

to, which is to say fully explainable in terms of, four aspects: duration 

(Definition 2), shape (Definition 5), density (Definition 6), and distribution 

(Definition 10). Shape is further subdivided into domain (Definition 3) and range 

(Definition 4), and density is divided into temporal density (Definition 7) and 

mass density (Definition 8). Any given PS is identified by its characteristic aspect 

values. PS’s are abstract entities; they are not sounds themselves but the 

probabilistic structure of possible sounds. When a PS is realized in a piece of 

music—that is, when its possibilities become actualities—it is said to be 

articulated. 
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!
COMMENT 1.1: Our agenda is to show that PS’s can function as musical 

material. However, we also must talk about material within the PS. That is, 

we need to distinguish between materials at multiple structural levels,  26

with the understanding that something that acts as material at one level 

may not be relevant at another level. Indeed, the constituent next-lower 

level materials of a PS are of a very different type than the PS itself, 

since they are concrete, actual sounds, and a PS is an abstract space of 

possibilities. 

!
COMMENT 1.2: A single PS will not necessarily constitute an entire piece 

(though it could), and pieces that contains PS’s may contain other kinds of 

musical materials as well. 

!
DEFINITION 2: The duration of a PS is simply its length in time, expressed in 

terms of standard time units (e.g., seconds, minutes, etc.). 

!
COMMENT 2.1: Duration is not always considered an essential feature of 

all kinds of musical material. Consider, for example, that when a singer 

“holds a note longer,” we experience exactly that: the same note being 

 Ibid., 101. Tenney uses the more normative term “hierarchical levels,” but I have chosen 26

“structural” for its more descriptive, formalist connotations.
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prolonged (or perhaps even stretched). We would not say our singer has 

“replaced the note with a longer note,” nor would we feel the identity of 

the phrase has been compromised. In other words, we perceive the material 

as essentially the same but modified rather than new and distinct. This 

effect can be observed at levels of organization higher than that of the 

single sound as well. Note that phrases are said to be “extended” or 

“truncated,” or that an idea might be reiterated “only briefly.” In many 

cases, it seems, musical identity is not a function of duration. 

 However, as easy as it is to imagine cases in which duration is 

incidental, examples of duration being an essential aspect of musical 

material seem equally forthcoming. Imagine (if you can) a twenty-minute 

concert version of Philip Glass’s Einstein on the Beach. The sense of 

immersion, the dissipation of boundaries, the relaxation of rationality and 

the annulment of expectation, all of the things that are central to the 

experience of the work and depend on its duration would be lost. The 

music would quite literally be destroyed, and whatever sounds remained in 

its place would bear only the most banal resemblance to the source from 

which they were culled. In fact, the sheer duration—or perhaps “endurance” 

is the word—of Einstein may be one of its more salient aspects, and only 

the most callow listener could hear our hypothetical concert version as “the 
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same piece, only shorter.” At least some musical materials, therefore, are 

identified in part by their duration. 

 In the case of PS’s, duration is an essential aspect because of its 

interaction with another aspect: density (Definitions 6, 7, and 8). A PS 

with all aspects held in common but with its duration changed will, 

depending on its density, articulate the PS with greater or lesser clarity; a 

relatively smaller or larger sample of its total shape (Definitions 3, 4, and 

5) will be actualized. Different amounts of information will be gained by 

PS’s of different durations, and thus the listener experience of the PS’s 

identity will vary in a way that it does not when the material being 

sustained is, for example, a single tone. 

!
DEFINITION 3: The domain of a PS is the set of musical parameters affected 

by randomness. Affected parameters are said to be covered by the PS’s domain, 

while unaffected parameters are said to be outside the PS. 

!
COMMENT 3.1: Just as the duration of any given PS denotes a bounded 

temporal subset of the total duration of a piece, the domain of a PS 

denotes a subset of the total parametric space. In both cases, the amount 

of randomness is limited. The duration of PS tells us when in time we 

can and cannot expect to hear random sounds, and thus eliminates some 
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possibilities. Similarly, a PS’s domain tells us where in parametric space 

we can and cannot expect to locate these sounds, further eliminating 

possibilities. This is what it means for the space of possibilities to be 

“bounded” (Definition 1). 

!
COMMENT 3.2: An exhaustive list of musical parameters is not provided, 

nor is one possible, since, as discussed above, we understand musical 

parameters to be subjective and variable. 

!
COMMENT 3.3: The usual examples of parameters given (pitch-class, 

loudness, duration, timbre, etc.) fall into the category of primary 

parameters. This means that they are concrete aspects of musical material, 

requiring no (or perhaps very little) abstraction or analysis and relying on 

no theoretical context. Thus, loudness, for example, is felt to be “really” in 

a sound, and part of the reason for this is that is tied directly to the 

acoustic parameter of amplitude.  

 However, perception and cognition have manifold interactive layers, 

and it can be hard in practice to disentangle raw experience from such 

higher-level processes as analysis, interpretation, expectation, and others. For 

example, cognitive scientist David Huron has found that the degree to 

which a musical sound is expected directly influences how accurately it is 
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perceived.  Indeed, even the cultural context in which sounds are heard 27

may even directly affect a listener’s perception of them, as Tenney explains 

through his conception of the “subjective set.”  So while the loudness of a 28

sound is a primary parameter, other aspects like the harmonic rhythm, or 

the sense of rubato, or the energy level, or the degree of developmental 

variation, or the femininity, or the degree of latent subversion of a political 

regime, and so on indefinitely, may be considered secondary parameters; 

they rely on some degree of abstraction but are no less real aspects of the 

musical experience. 

!
DEFINITION 4: The range of a PS is the set of possible values on each 

parametric axis covered by the PS’s domain. This set of values is said to be 

included in the PS’s range, and parametric values that are not possible are said to 

be excluded. Ranges may be either continuous or discontinuous. 

!
COMMENT 4.1: As an example, consider loudness, measured arbitrarily on 

a scale from 0 to 10. The domain of the PS tells us whether loudness is 

covered by the PS, while the range tells us which loudnesses are included 

in the PS. The range of loudness of a given PS might be, for instance, 

 David Huron, Sweet Anticipation: Music and the Psychology of Expectation (Cambridge, MA: 27

MIT Press, 2007), 12.

 Tenney, META†HODOS and META Meta†Hodos, 43.28
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{3, 4, 5, 6}, meaning that the articulation of that PS will yield materials 

with loudness levels from 3 to 6 on our scale. In such a case, the 

loudness range would be continuous and could be abbreviated {3, ..., 6}. 

Continuous ranges include all intermediary values between their lowest and 

highest values. Discontinuous ranges, on the other hand, do not include all 

intermediary values; any discontinuous range has at least one gap, so to 

speak. An example of a discontinuous range is {3, 4, 5, 8}. Discontinuous 

ranges are not abbreviated. 

!
COMMENT 4.2: In the example above, loudness was arbitrarily scaled 

from 0 to 10. Perhaps on such a scale 0 would denote inaudibility, and 10 

would be the point of saturation for most normal listeners. However, this 

is only one possible scale, and depending on the circumstances others may 

be preferred. For example, we might prefer to measure loudness on a scale 

from 0 to 128, or -12 to 12. And the extremes of our scale need not 

correspond to the extremes of human perceptive abilities. We might prefer 

to adjust our scale to correspond simply to the actual range within a given 

piece, or to the range of a genre of pieces, and so forth. The point is that 

our local concerns always dictate the scale and resolution of ranges, and 

for this reason I avoid positing any standard scales, nor does the example 

above imply any such standards. 
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!
DEFINITION 5: The shape of a PS is simply the combination of that PS’s 

domain and range. A PS’s shape can be expressed as a set of ordered pairs, with 

the first term in each pair naming one parameter covered by the domain and the 

second term being the range of that parameter. 

!
COMMENT 5.1: For example, the shape of a PS with a domain of 12-

tone equal-tempered pitch-class (C = 0) and loudness (1 - 10), and 

respective ranges of {1, 7, 8, E} and {7, ..., 10} would be expressed as: 

[(Pitch-class, {1, 7, 8, E}), (Loudness, {7, ..., 10})]. 

!
DEFINITION 6: The density of a PS is a measure of its amount of material 

divided by its duration. The density of a PS describes how “full” the PS feels 

when articulated. PS density is reducible to temporal density and mass density. 

!
DEFINITION 7: The temporal density of a PS is the number of discrete events 

in the PS divided by the duration of the PS. Temporal density denotes the 

average frequency of events within the PS. 

!
COMMENT 7.1: What counts as a discrete event is not specified by this 

theory. The division of a musical texture into relevant constituent units is a 

general problem, specific to no particular theory, and the details of the 
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method one employs to construct such an ontology may be regarded as a 

separate question from those that concern us here.  29

!
DEFINITION 8: The mass density of a PS is the average duration of individual 

events in the PS. 

!
COMMENT 8.1: In a sense, average event duration may be construed as 

simply a parameter like any other, and as such it would seem to be 

subsumed under the aspect of domain. While clearly event duration is a 

parameter—sounds may be differentiated from one another in terms of it—

it is a special kind of parameter, and one that seems to have qualitative 

ramifications for the listener’s experience to a degree sufficient to consider 

it an essential aspect of PS’s. 

!
COMMENT 8.2: Note that mass density is in terms of absolute duration; 

events are not measured in terms of their percentage of the total duration 

of the PS. The reason for this choice is that it preserves what I consider 

to be an important feature of the experience of musical density. Namely, 

density seems to be felt in real time, without foreknowledge of the total 

duration of the PS, which can be apprehended only in retrospect, and on 

 For a thorough treatment of the issue of the perception of relevant musical units, see James 29

Tenney, and Larry Polansky, “Temporal Gestalt Perception in Music,” Journal of Music Theory, 
Vol. 24, No. 2 (Autumn 1980): 205-41.
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which a conception of mass density in terms of the total PS duration 

would rely. Therefore, any two PS’s containing discrete events of the same 

average duration will be considered to have the same mass density, 

regardless of whether the two PS’s are themselves the same duration. This 

seems more descriptive of musical experience than the alternative. 

!
COMMENT 8.3: Also note that there is no concept of density in terms of 

musical space in our theory. Both temporal density and mass density are 

defined in temporal terms. Perhaps some notion of density in music more 

analogous to the homonymous concept in the physical sciences could be 

developed, whereby musical material is assigned relative amounts of mass 

not merely in terms of duration, but in terms of other parameters, and the 

volume of musical space would be determined by the range of those 

parameters. This seems plausible on a conceptual level, but it is hard to 

grasp exactly what the perceptual manifestations of this concept might be. 

Is a musical space more densely packed when the range of, say, pitch-

classes is narrow, rather than when it is wide? Perhaps, but maybe the 

better term for such a notion would be proximity, not density. This may 

suggest an avenue for the possible extension of this theory, though we do 

not pursue it here. 

!
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COMMENT 8.4: Finally, it may be observed that what is often called 

“vertical density,”  meaning the number of events sounding together as 30

members of a simultaneity, has not been mentioned. In fact, this notion of 

vertical density is implied by density as we have defined it here in terms 

of temporal density and mass density. Consider that in cases where both 

the temporal and mass density are high; events would be both frequent and 

long, and there would be resultant overlapping of simultaneous events. 

 Often, however, we want to speak of the vertical density of single 

events, like chords. For example, a 7-note chord is more dense than a 3-

note one, even though each may be considered a single event. In such a 

case, the density in question lies at lower structural levels than that of the 

PS, and as such is not addressed by the theory of PS’s. In determining the 

density of a PS, we only need consider the number and duration of events 

in that PS, not how dense those events are in themselves in terms of their 

lower-level constituent parts. This, again, accords with the general picture 

of structural levels that forms the framework for this theory.  31

!
DEFINITION 9: The distribution of a PS describes the probabilistic organization 

of the material within that PS. A PS’s distribution tells us, for each value inside 

 Tenney, META†HODOS and META Meta†Hodos, 23.30

 In particular, this accords with Tenney’s notion of “material equivalence,” whereby all sounds 31

have equal potential for employment as elemental units of structure. See Tenney, 
META†HODOS and META Meta†Hodos, 8-10.
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the PS’s shape, the probability that an event that occurs within the duration of 

the PS will have that value, as well as any rules that describe how those 

probabilities change over the duration of the PS. The distribution of a given PS 

may either be ergodic or dynamic. 

!
COMMENT 9.1: An ergodic distribution of materials within a PS is static 

for the duration of the PS. The probability that an event will have some 

particular parametric value does not change and is constant throughout the 

PS. This is a special case of the kind of ergodicity described by Tenney, 

whereby a “temporal gestalt-unit” comprises exclusively next-lower level 

units of uniform statistical properties.  32

!
COMMENT 9.2: A dynamic distribution of materials with a PS changes 

over the duration of the PS according to some algorithm. An example of a 

dynamic distribution can be found in Tenney’s “dissonant counterpoint” 

algorithm.  The dissonant counterpoint algorithm controls a dynamic 33

distribution of possible pitches, such that the probabilities change depending 

on what notes have already been selected. Similarly, a PS with a dynamic 

 Tenney, META†HODOS and META Meta†Hodos, 113.32

 Larry Polansky, Alex Barnett, and Michael Winter, “A Few More Words About James Tenney: 33

Dissonant Counterpoint and Statistical Feedback,” Journal of Mathematics and Music: 
Mathematical and Computational Approaches to Music Theory, Analysis, Composition and 
Performance, Vol. 5, No. 2 (2011): 63-82.
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distribution, when articulated, will select possible values according to those 

that have already been selected. Processes that take this form are called 

Markovian.  34

!
DEFINITION 10: A PS-trajectory is a PS of which any of the aspects (excluding 

duration) change over the duration of that PS. PS-trajectories are classified 

according to their aspectual contours. 

!
 The four aspects of duration, shape, density, and distribution can be 

considered as meta-parameters. Just as the parametric profile of any musical 

material, including all its primary and secondary parameters (Comment 3.3), fully 

identifies it and distinguishes it from other material, the aspects of a PS, which 

operate on another level of abstraction above the parametric, identify it and 

distinguish it from other PS’s. The classification system presented above therefore 

can serve as a conceptual foundation for compositional, analytical, and theoretical 

work with musical randomness, in the same way that Allen Forte’s catalog of 

pitch-class set types provides a framework for investigating the structural relations 

that obtain among collections of pitch-classes.  Just as anything that can be said 35

about atonal pitch-class collections is reducible to statements about pitch-class set 

 Eric W. Weisstein, “Markov Process,” Wolfram MathWorld, <http://mathworld.wolfram.com/34

MarkovProcess.html> (April 30, 2014).

 Allen Forte, The Structure of Atonal Music (New Haven: Yale University Press, 1973), 179-81.35

http://mathworld.wolfram.com/MarkovProcess.html
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types, anything that can be said about a PS is reducible to statements about its 

aspects. And a formal theory of transformations, such as the one David Lewin 

offers in his Generalized Musical Intervals and Transformations, is made possible   

by the quantitative, numerical description of the musical objects to be transformed 

and related.  In light of this, I suggest that: 36

!
PROPOSITION 1: Since PS’s (and PS-trajectories) are fully reducible to their 

aspect values (or contours), and since the four aspects have been defined 

quantitatively, PS’s (and PS-trajectories) may be transformed and interrelated by 

operating on their aspect values (or contours), in the same way that other kinds 

of musical materials may be transformed and interrelated by operating on their 

parametric values (e.g., transformation of pitch-class sets via inversion, 

transformation of rhythm via durational augmentation, etc.). The theory of PS’s 

thus opens compositional doors to new materials, related by new structures, 

capable of positing new musical worlds. 

!
Means of Articulation 

!
PS’s are, by definition, abstract; at their essence, they are possibilities, not 

actualities (Definition 1). A PS is charged with the potentiality of sounds, but by 

 David Lewin, Generalized Musical Intervals and Transformations (New Haven: Yale University 36

Press, 1987).
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itself it remains silent. The means by which a PS becomes actual sounding 

material is called its articulation, and PS’s may be articulated through a variety of 

processes, in both deterministic and indeterminate systems. We will focus on three 

types of articulation processes: chance, choice, and chaos. 

 The illustration of a chance process relied upon in Section 1 was that of 

John Cage flipping coins to generate sequences of I Ching hexagrams. This 

process operated within the compositional system Cage devised to assemble his 

randomized masterwork for solo piano, Music of Changes (1951). In detail, this 

particular system describes Cage’s method of converting questions about the 

morphology of the piece (i.e., the input), by means of coin tosses (i.e., a chance 

process) into answers in the form of hexagrams referring to cells in charts that 

Cage used to produce the notated score (i.e., the output, or product). We are now 

in a position to understand this process as the articulation of a PS. And the 

aspects of the PS are set through the cells in his charts and his method of posing 

questions answerable by one of sixty-four hexagrams. That is, Cage designed a PS 

systemically and used coin toss chance operations to articulate it into a fixed 

product (i.e., the score), which can thereafter be realized (deterministically) by the 

performer. Of course, coin tosses are not the only chance operations available. 

Indeed, they are highly restrictive; a fair coin toss only answers a single binary 

question, generating ergodic sequences of 0’s and 1’s with equal probability 

assigned to each outcome. Cage himself eventually turned away from manual coin 
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tosses, using instead a computer program called “ic” (for I Ching) developed by 

Andrew Culver that simulated the process.  New digital chance processes are also 37

now available, like random number generators that can be calibrated to any range 

and distribution of values.  And chance operations are not the only process that 38

an indeterminate system can sustain. Cage also developed other kinds of 

indeterminate compositional systems, such as his practice of locating imperfections 

in paper and then translating those points into musical space, which he used in 

producing many of his Music for Piano pieces (1952-1956).  In such a case, one 39

state of the system (Cage’s decision to select a sheet of paper) does not 

necessitate one and only one possible future state (the resultant notation); each 

sheet of paper has an unpredictable collection of imperfections, and multiple 

identical decisions to select a sheet will not cause identical outcomes. Thus the 

paper selection, specified sufficiently loosely, is the indeterminate node of the 

system, but there is no chance (single-case objective probability) involved. 

 We have seen that one of the means of articulating a PS operates is by 

way of an indeterminate composer-score system; the PS enters the system as an 

 A version of ic is available online at Andrew Culver, ic <http://www.anarchicharmony.org/37

IChing/ic.cfm> (May 9, 2014). For more information on Cage’s use of computers, see James 
Pritchett, James Tenney, Andrew Culver, and Frances White, “Cage and the Computer: A Panel 
Discussion,” in Writings Through John Cage’s Music, Poetry, and Art, David W. Bernstein and 
Christopher Hatch, eds. (Chicago: University of Chicago Press, 2001): 109-209.

 Mads Haahr, and Svend Haahr, RANDOM.ORG <http://www.random.org/> (May 1, 2014), offers 38

a suite of online tools, some for free, that draw from “atmospheric noise” (as opposed to an 
algorithm) and can be used to generate highly customizable sequences of random integers.

 Pritchett, “The Development of Chance Techniques in the Music of John Cage, 1950-1956,” 39

217-36.

http://www.random.org/
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abstract entity of the composer’s design, and it exits in the form of a score that 

fully determines performance, with some necessary indeterminate node in the 

system facilitating the conversion of the PS’s latent possibilities into concrete 

actualities. But the relevant indeterminate system is not always composer-score; it 

is often in the score-performance system that indeterminacy is located, with 

performer choice playing the crucial role. 

 Christian Wolff articulates PS’s through constrained performer choice in his 

Duo for Pianists II (1958), providing an example of an indeterminate score-

performance system. Wolff’s notation and instructions define PS’s, and in a 

realization of the piece the performers must select materials that fall within the 

PS in real time. Thus, the input of the relevant system is the score, and the 

output is the acoustic sound. Wolff’s instructions in Duo for Pianists II decode 

the notation in the parts as follows:  

The first number in each block, on the left side of a colon (2: ), 
gives the time in seconds within which one plays. The number on 
the other side of the colon ( :3) is the number of tones that are 
played anywhere (chosen freely) within the indicated time. These 
tones may take up all of the indicated time or any, including the 
shortest, part of it. Zero on the left side of the colon (0: ) = tempo 
0, or any time at all. Zero on the right side ( :) = silence, for the 
indicated duration (3:0 = three seconds of silence). 
 Whatever else is on the right side of the colon gives further 
specification of what is to be played. The letters a, b, e, g, and h 
refer to pitch sources given on the part, usually nearby. Sometimes 
pitch sources without letters are written directly into the block 
where they apply. A number before a pitch source (2g) = play that 
number of tones (2) from that source (g). Any two tones, or one 
tone played twice, from the indicated source can be played. If no 



!40

letter or pitch source is indicated after a number, any pitches may 
be played. 
 The notation x� over a letter means that any of the notes 
referred to by that letter can be played in any higher octave than 
the one in which they occur (but not in their original, notated 
octave). x� under a letter = any lower octave. x- above and below 
a letter = any lower or higher octave. 
 Dynamics are free unless specified. When several are given 
(2a f p), they need not all be used (both tones could be played f) 
or more than one could be used on one tone (fp).  40

!
Wolff’s instructions go on to stipulate further constraints on performer choice, 

including the precise duration and relative time-points of the attack and release of 

each individual tone. Each piano part of Duo for Pianists II presents an array of 

discrete musical sections, splayed out across the page. Each section contains one 

or more PS’s, the aspects of which are defined by the numerical and traditional 

staff notation as interpreted according to the instructions. As Wolff’s instructions 

indicate, the duration of each PS is given in seconds, and the density as a 

number of events within that duration. The domain of each PS covers event time-

point, pitch, register, and loudness, with ranges constrained either by additional 

notation (such as staves containing noteheads, the symbols x� and x� conveying 

approximate register, etc.) or simply by the physical limitations of the instrument 

(as is sometimes the case with loudness). The distribution of values within the 

shape of the PS’s is distributed according to the choices of the performers in real 

time. 

 Christian Wolff, Duo for Pianists II (New York: C. F. Peters Corporation, 1962).40
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 Importantly, the presence of choice as a node in a system does not entail 

chance; whatever method a performer uses, conscious or otherwise, to select 

aspect values in real time, it will go beyond an exclusively probabilistic calculus, 

and it would be more appropriately studied by psychology than by mathematics. 

In other words, human choices transcend mere stochastis, and my suggestion is 

that the same PS will be articulated very differently by choice than by chance. 

For example, some performers will repeat certain configurations of material more 

often than chance would allow, while others might consciously undermine such 

repetitions or otherwise shape the articulated texture in service of some aesthetic 

agenda or another. In either case, the PS is being articulated by a process to 

which single-case objective probability, or chance, is wholly irrelevant. 

 Other examples of indeterminate notation subject to performer choice are 

found throughout Cage’s final opus, a series of works known collectively as the 

Number Pieces (1987-1992). In nearly all of the Number Pieces, which run the 

gamut of instrumentation from solo flute to large orchestra to unspecified 

instrumentation, Cage partially determines rhythm by means of his “time bracket” 

notational system. Rob Haskins explains: 

A time bracket appears as a musical staff, centered on the page... 
Within this staff is inscribed a single pitch or a string of pitches... 
The music is not performed in any fixed meter; rather, its relative 
speed is determined by the performer through time indications that 
Cage provides at the top right- and left- hand corners of the staff.  41

 Rob Haskins, “‘An Anarchic Society of Sounds’: The Number Pieces of John Cage” (Ph.D. 41

diss., University of Rochester, 2004), 46.
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!
A performer reading time bracket notation thus follows a stop-watch, playing the 

notes in the order written with any rhythm during the specified span of the 

bracket. The start- and end- points of some time brackets are fixed; they are 

notated as, e.g., 2’00”, or 5’15”. Cage also employed flexible time brackets: 

If flexible, there is a time range during which the performer can 
begin to play and a time range during which he must finish; these 
time ranges—start-space and end-space, respectively—always overlap 
in specified ways. Furthermore, in any pair of time brackets, the 
endpoint for one bracket overlaps with the startpoint for another... 
With flexible time brackets, the two spaces encompass any number 
of possible start- or end- points; thus, the time indications given for 
start-spaces show the startpoint and endpoint for a particular start-
space; the time indications given for end-spaces show the startpoint 
and endpoint for a particular end-space.  42

!
The start-spaces and end-spaces of Cage’s flexible time brackets therefore define 

PS’s, allowing for a constrained range of possible durations of material that might 

be presented at variable points within an ultimately fixed maximum duration (i.e., 

the difference between the earliest possible startpoint and the latest possible 

endpoint). Interestingly, the material that may be articulated within these PS’s are 

themselves PS’s, as the time bracket system leaves rhythm undetermined within 

durational constraints. We can therefore acknowledge the existence of the meta-PS, 

defined as a PS that includes as material within it at least one PS at the next-

lower structural level. 

 Ibid., 47.42
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 The final means of articulating a PS we will consider is chaos, which 

distinguishes itself from chance and choice in that it occurs in determinate 

systems. One provocative, seemingly paradoxical example of a chaotic 

compositional process suggests itself: Pierre Boulez’s canonical Structures (1951) 

for two pianos.  Considered a paragon of integral serialism, the compositional 43

system by which many parameters, not just pitch-class, are operated upon by 

reference to a twelve-element series, Structures is meticulously and rigorously 

determined at every level according to inviolable systemic laws. However, since 

parameters are controlled independently—pitch-class is not bound to duration, for 

instance, but rather pitch-class and duration (etc.) are assigned to each event by 

different forms of the series—and since stark contrasts and arrant disjuncts were 

considered stylistically indispensable to Boulez and others in his circle, the 

underlying series manifests itself in unpredictable ways on the surface of the 

music. Indeed, Boulez himself notes, in an analysis of Structures, that “[f]rom the 

prescriptions we have been examining in detail, there arises the unforeseen.”  44

Certainly, the fabric of Structures is not unintelligible; an analyst familiar with 

serialism can fully explain every pitch-class, dynamic, duration, etc. And yet, 

while the series determines each detail, it does so in a non-linear way; switching 

just two elements in the series would have myriad intersecting surface 

 Pierre Boulez, Structures (Vienna: Universal Edition, 1952).43

 Idem., “Possibly...,” in Stocktakings from an Apprenticeship, Stephen Walsh, trans. (Oxford: 44

Clarendon Press, 1991), 133.
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ramifications, in a way that switching two notes in, say, a Bach fugue subject 

would not. Of course, the modified Bach subject would clearly have generative 

ramifications throughout the piece (primarily harmonic and contrapuntal), but I 

suggest it would be comparatively easier to audibly link those ramifications, one-

to-one, back to their structural source than it would be in the case of Structures. 

Further, a greater change to the Bach subject would likely produce a 

comparatively greater audible change in the resultant surface texture—change one 

note in the subject, and a few harmonies may be moved around; change ten 

notes, and the entire contrapuntal texture will be rewoven. In contrast, a greater 

change in the Boulez series might not so clearly produce an analogously greater 

result (and is thus non-linear), if perhaps only because any change at all will 

already have significant, wide-ranging, difficult-to-predict ramifications at every 

level and in every moment. Note also that the influence Boulez’s series has on 

the form of Structures is unstable, while the influence of our imagined Bach 

subject is stable. A change to the Bach subject will be mediated in the resultant 

fugue by the kinds of tonal and rhythmic concerns that constrained Bach’s style—

e.g., change as many notes as you like, and the piece will still end harmonically 

on the tonic. Boulez, on the other hand, has no concerns other than the series 

and its rigorous manifestation, and no similar mediating forces will counteract any 

change to the series; the music will not gravitate around tonal norms, as does the 

Bach. These features of non-linearity and instability are hallmarks of chaos, which 
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in Section 1 we defined as any process that exhibits sensitive dependence upon 

initial conditions. Because the process by which integral serial pieces, like 

Structures, are composed, exhibits this feature of SDIC (where the “initial 

condition” is the particular series), we can reasonably construe it as chaotic. 

 In this section, we have introduced a theory of musical randomness in the 

form of PS’s, and we have seen how chance, choice, and chaos offer unique 

means to articulate a PS. In the following example, excerpts from my piece, The 

View from Nowhere, serve as an illustration of some possible compositional 

applications of this theory. 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!
!
Example: The View from Nowhere 

!
Scored for eight-piece chamber ensemble (flute, clarinet/bass clarinet, trumpet, 

percussion, prepared piano, electric guitar, violin, and cello), The View from 

Nowhere draws inspiration from the 1986 book of the same title by philosopher 

Thomas Nagel.  In his influential work, Nagel develops the distinction between 45

objective and subjective truths. Objective truths, like truths about geography and 

mathematics, are characterized by their ability to be known from a generalized 

perspective. On the other hand, subjective truths, like truths about the qualitative 

nature of first-person experiences, are knowable only from certain particular 

perspectives; they cannot be grasped from an objective standpoint. In his The 

View from Nowhere, Nagel criticizes objectivity’s widely-accepted claims to 

completeness, to authority, and to truth, proposing that in some cases the truth is 

found by adopting a subjective point of view, not by abandoning one. 

Importantly, on Nagel’s account, each set of truths is limited; neither the objective 

nor the subjective realm accurately describes all of reality. The musical fabric of 

my The View from Nowhere similarly avoids a fixed, objective understanding. 

Both content and form are contingent upon chance and/or choice, and as such 

 Thomas Nagel, The View from Nowhere (Oxford: Oxford University Press, 1986).45
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there is no single ideal realization in terms of which a given performance might 

be understood. 

 The form of The View from Nowhere (“TVFN”) is a meta-PS; its basic 

materials are PS’s, only partially determined by the parts and organized in 

performance by means of chance and aggregate individual choice. Since every 

level of structure of TVFN is at least partially undetermined, there is no fixed 

score that represents the piece; the eight individual parts are self-contained and 

independent, the random form of any one performance arising from their 

indeterminate assembly. We will first discuss the highest structural level—the 

meta-PS that constitutes the entire piece—in terms of the its aspects of duration, 

shape, density, and distribution, before turning to a few examples of the parts, 

themselves constructed of lower-level PS’s. 

 The duration of TVFN is thirty minutes (30’). Each part comprises a 

sequence of the the same thirteen durational segments: 15”, 23”, 38”, 53”, 1’23”, 

1’38”, 2’09”, 2’24”, 2’54”, 3’39”, 3’54”, 4’40”, and 5’10”, which sum to 30’. 

These divisions approximate, to the nearest second, the first thirteen prime 

numbers: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, multiplied by a constant 

duration of about seven and a half seconds (7.5”). In each part, five of the 

segments are active; they contain musical material—specifically, PS’s at the next-

lower level of structure. The remaining eight segments in each part are inactive, 

or silent. Which segments are active and which are inactive varies randomly 
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across the eight instrumental parts; the order of the segments is not determined by 

the score. Nonetheless, that all thirteen segments be played by all eight parts is 

specified by the score, and the total duration of the piece is fixed at thirty 

minutes. 

 The shape of TVFN has a domain of only one parameter, and it has 

already come up: the order of the thirteen segments in each of the eight parts. 

There are thirteen factorial (13! = 6,227,020,800) possible orderings of a thirteen-

element set, but the distribution stipulated in the design of the parts (discussed 

below) constrains this further, yielding a substantially smaller range of available 

orderings. 

 Any articulation of TVFN will include forty next-lower level structural 

gestalt units—eight parts, five segments each—over the duration of thirty minutes, 

so the temporal density of TVFN is 40/30’. And since segments were designated 

as either active or inactive by chance during the compositional process, the mass 

density of TVFN is simply the average duration of the thirteen segments, or about 

two minutes and eighteen seconds (2’18”). And since 40 * 2’18” = 92’, which is 

almost exactly three times the duration of the TVFN as a whole, we can see that, 

on average, three segments will be occurring simultaneously. 

 The range of possible segment orderings in each part is distributed like 

this: 
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1. The eight inactive segments are grouped into five sections, labeled A, E, 

I, O, and U. Sections A, E, and I contain only one segment each, while 

O contains two segments, and U contains three. The five active 

segments are labeled Z, Q, X, J, and M. 

2. There are five factorial (5! = 120) possible orderings of the five 

sections (A, E, I, O, and U). One of these possible orderings is selected 

by chance. The same is done to determine the order of the active 

segments (Z, Q, X, J, and M).  

3. Sections O and U contain multiple inactive segments, the order of 

which is not determined by the score. There are two factorial (2! = 2) 

possible orderings for the sub-segments of O, and there are three 

factorial (3! = 6) internal orderings of U. The performer chooses during 

performance the internal order with which to realize these sections. 

4. One active segment (Z, Q, X, J, or M) is inserted once into each 

section, before, between, or after one of the sub-segments that constitute 

that section. Since sections A, E, and I comprise only one sub-segment, 

there are two points at which an active segment may be inserted—

before or after the silence. Section O contains two sub-segments, 

opening a third possible location for an active segment to be inserted, 

and section U has four options. The performer chooses during 

performance at which point in the section to insert the active segment, 
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and this will be subject to individual taste in response to the other parts 

sounding concurrently. However, this choice is constrained, as regardless 

of performer preference one and only one active segment must be 

played at some point in each section. 

The form of TVFN is thus fully described at the largest scale by the PS model. 

The content that fills that form (i.e., the segments of material) are also 

describable as PS’s (or sometimes PS-trajectories). That is, while each segment 

contains within it (and could be analyzed in terms of) multiple and varies sounds 

and silences (i.e., materials at the next-lower structural level), it is my contention 

that a better description of the actual listening experience would be in terms of 

the aspects—some static, others dynamic—of the PS’s and PS-trajectories that 

those sounds and silences articulate. Thus, an analysis in terms of the PS theory 

will not seek to locate incidental patterns of pitch-class sets or recurring rhythmic 

figurations, for example. Indeed, the indeterminate notation of TVFN, which in 

some cases allows for the reordering of pitched material and in all cases leaves 

rhythm undetermined, inherently precludes this approach; the traditional rhythmic 

and pitch-class relations that might obtain in any given performance do not 

actually obtain in the piece itself; they are merely made possible by it. Of course, 

an analyst may resort to an audio recording of a given performance of TVFN (or 

any other work the notation of which does not fully determine the performance), 

but, while this would be undoubtedly valid and informative, it would not actually 



!51

count as an analysis of the piece itself, insofar as the piece’s identity transcends 

any one of its performance. In other words, if the piece itself is inherently and 

irreducibly indeterminate, any successfully analysis will not seek to reduce or 

eliminate these indeterminacies, but will rather accept them as ontologically basic 

starting points. 

 We now descend one structural level, to deal with the PS’s that are the 

forty active segments in TVFN, all of which conform to a standardized notational 

design. Segments are notated using traditional music staves, but no measures, bar 

lines, or time signatures are used. Instead, events are represented as stemless 

noteheads, with each system spanning ten seconds (or less, in the case of the 

final system of most segments, since most segments’ durations are not divisible 

by ten seconds). Each player starts a stopwatch at the beginning of each segment, 

and a timestamp displayed at the end of each system corresponds to the 

stopwatch display at that point. A segment ends with a final dotted barline.  

 Some events are pitched, notated with traditional noteheads, with the usual 

exception that accidentals apply only to the notehead they immediately precede, 

and they do not transfer to other the same pitch-class in other octaves. Other 

events are unpitched, represented by various other notehead shapes and positioned 

vertically on the staff to roughly convey register and contour. 

 We will examine just one segment in terms of its aspects. Figure 1 shows 

the Z segment in the percussion part (“Percussion-Z”).  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!  

Figure 1. Percussion-Z, The View from Nowhere. 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!

Figure 1, cont. 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!

Figure 1, cont. 

!
!
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We can classify Percussion-Z according to its aspects. The duration of Percussion-

Z is two minutes and nine seconds (2’09”). The domain includes time-point of 

events (range: any time-point within 10-second system) and loudness (range: ppp - 

pp). All other relevant parameters (e.g., timbre, event duration, etc.) are fully 

determined by the part and thus outside the domain of the PS. Percussion-Z’s 

shape is articulated at the moment of performance; the part delegates the time-

point and loudness of each event to performer choice, and thus the PS’s latent 

possibility is transferred to actuality only at the moment the performer makes a 

sound. The mass density of Percussion-Z is practically negligible; all the shaker 

and clave sounds are instantaneous, and while the triangle does sustain briefly, 

those events are relatively fewer and thus do not greatly affect the average event 

duration. Percussion-Z’s temporal density varies algorithmically over its duration, 

and therefore Percussion-Z is a PS-trajectory; one of its aspect values changes 

over time. The temporal density of Percussion-Z results from three distinct 

streams: the shaker, triangle, and claves lines. The temporal density of each 

stream is defined by an ordered set of integers, where each integer represents the 

number of events notated in the associated 10-second system in the part. These 

integers were generated by chance, within dynamic limits. The minimum limit for 

each stream is fixed, and the maximum follows an arc over the course of 

Percussion-Z, increasing in the middle of the PS to allow a wider range of 
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variation and contracting again at the end of the PS. Figure 2 shows the number 

of events in each 10-second system, divided by stream. 

!

Figure 2. Number of events per 10” in Percussion-Z, The View from Nowhere. 

!
This aspect of Percussion-Z is articulated at the point of notation; the number of 

events in each system of Percussion-Z is fully determined by the part, but the 

number of events notated in each system of the part is the result of a chance 

operation within the limits defined by the aspect contour. The distribution of 

Shaker Triangle Claves

10” 3 0 0

20” 3 1 2

30” 3 0 4

40” 6 1 1

50” 9 1 0

1’00” 13 3 9

1’10” 13 5 2

1’20” 0 3 9

1’30” 11 3 3

1’40” 2 1 2

1’50” 6 1 4

2’00” 2 1 2

2’09” 1 0 2
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values within this range is ergodic, and the distribution of values in the 

parameters left to performer choice—time-point and loudness—will likely be 

dynamic, informed by personal taste. 

 All the forty segments that constitute the sounding dimension of The View 

from Nowhere can be analyzed—indeed, were composed—in this way. Many are 

PS-trajectories, following an arc form similar to that of Percussion-Z, expanding 

and contracting over time along some parametric axis. Others have static aspects, 

presenting a wholly ergodic space in which anything that might happen at any 

point, can happen at every point. Some have narrow ranges, allowing only minute 

amounts of variation among their tightly-packed materials in close proximity, 

while others freely traverse wide swaths of parametric space. Some have high 

temporal density, with rapidly-paced events; others are characterized by massive 

long tones adrift in expanses of silence. In all cases, materials circulate aimlessly 

within delineated boundaries, simultaneously rising and falling, always pointing 

towards patterns frozen on the edge of formation. 

 While a formal theory of PS transformations has not yet been developed, I 

was conscious of each segment’s character and deliberately—if intuitively—tried to 

arrange them in aspectual space. Indeed, this what it is to compose with 

randomness; it is the designing and arranging of PS’s, the imagining of structures 

to be filled in by chance, choice, or chaos. The musical effect is such that one 

ceases in general to attend to any one event or network of relations (though local 
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relations do occasionally catch the ear), and rather apprehends the statistical 

character of the space itself. And, as in The View from Nowhere, these spaces can 

be layered and juxtaposed, creating a kind of abstract harmony among distinct 

fields of potentiality. 

 This, after all, is the crux of the notion of a Possibility Space; randomness 

at one level of structure requires us to transcend that level in search of higher—

or deeper, or more abstract—spheres of unity and cohesion. And the force that 

binds together a Possibility Space is unpredictability, while a boundary of 

certainty partitions it off from the musical world around it—the edge of the space 

is where randomness subsides and one ceases to be in doubt; contained within it 

is uncertainty and sometimes wonder. In this way, randomness in music 

simultaneously confounds our efforts to know and orients us toward our very state 

of unknowing, as the object of listening shifts from concrete actualities to the 

substrata of potentialities, from matter to structure, and from being to becoming. 

In other words, randomness asks us not only to hear the sounds themselves, but 

also to listen to possibility. 

!
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